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Abstract 

We quantize pure 2d Yang-Mills theory on an arbitrary Riemann 
surface in the gauge where the field strength is diagonal. Twisted 
sectors originate, as in Matrix string theory, from permutations of the 
CD , eigenvalues around homotopically non-trivial loops. These sectors. 



' that must be discarded in the usual quantization due to divergences 

occurring when two eigenvalues coincide, can be consistently kept if 
^ . one modifies the action by introducing a coupling of the field strength 

H ' to the space-time curvature. This leads to a generalized Yang-Mills 

theory whose action reduces to the usual one in the limit of zero curva- 
ture. After integrating over the non-diagonal components of the gauge 
fields, the theory becomes a free string theory (sum over unbranched 
coverings) with a U(l) gauge theory on the world-sheet. This is shown 
to be equivalent to a lattice theory with a gauge group which is the 
semi-direct product of Sn and U(l)^. By using well known results 
on the statistics of coverings, the partition function on arbitrary Rie- 
mann surfaces and the kernel functions on surfaces with boundaries 
are calculated. Extensions to include branch points and non-abelian 
groups on the world-sheet are briefly commented upon. 



billo, dadda, provero@to.infn.it 



1 Introduction 



The solution of pure two-dimensional Yang-Mills theory (YM2 in the follow- 
ing) on a general Riemann surface has been known for some time. It was 
obtained on the lattice in [0, and in the continuum in 0, H, |^. For in- 
stance, the partition function of the U(A^) theory on a surface of genus G 
and area A is 

^ = EW"'''e-^^'^^«, (1) 

R 

where the sum runs on the irreducible representations i?, of dimension 
and quadratic casimir Cr, of the U(iV) group. 

This solution allowed Gross and Taylor to describe the U(A^) YM2 
theory, in the large limit, as a particular type of string theory. In fact 
they could show that in this limit the partition function (|l|) counts distinct 
maps from world-sheets of genera g to the target space represented by the 
base manifold of genus G. 

Recently, a different way to formulate YM2 on a torus or a cylinder as 
a string theory has been suggested |]^, |^, and in this paper we are going 
to extend this formulation to arbitrary Riemann surfaces. This proposal is 
inspired by Matrix string theory @, |T^. In Matrix string theory one considers 
the A/" = 8 supersymmetric YM2 theory, defined on a cylinder. This theory 
contains eight scalar fields Xm with their supersymmetric partners in 
the adjoint representation of the U(A^) gauge group. In the limit qym 
all these fields commute and can be simultaneously diagonalized. The N 
eigenvalues of Xm take the role of the eight transverse coordinates describing 
the world-sheets of a gas of free superstrings. The eigenvalues, however, can 
be subjected to a permutation as one goes around the compact direction 
of the cylinder, giving rise to twisted sectors in correspondence with the 
conjugacy classes of the symmetric group Sn- Strings of different lengths are 
present in each sector, and correspond to the cycles of the permutation. 

In we showed that twisted sectors appear naturally in pure YM2 on 
a torus or a cylinder if one chooses the so-called unitary gauge |Tl|, namely 
the gauge in which the field strength is diagonal. Their inclusion leads to a 
partition function that is different from the standard one of 0, has a richer 
structure and is closely related to the partition function of the whole matrix 
string theory [jT2|, |13| . 

However, in higher genus Riemann surfaces there are always divergences 
associated to the twisted sectors in correspondence of points where two eigen- 
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values of the field strength coincide. A rather ad hoc regularization was sug- 
gested in 0, whose effect is to suppress all non-trivial sectors in order to 
reproduce the standard result. 



We propose here to study a generalized YM2 (in the sense of |]14|, |T5|) 
in which such divergences do not occur, and the twisted sectors can be con- 
sistently kept into account. This can be achieved by introducing a suitable 
coupling of the field-strength to the Riemann curvature of the space-time 
manifoldQ. The action of the generalized theory reduces to the one of ordi- 
nary YM2 for fiat surfaces. In the generalized theory the twisted sectors are 
in one-to one correspondence with the unbranched A^-coverings of the sur- 
face, and the original U(A^) gauge group reduces to an abelian gauge group 
for each connected component of the covering. For the torus and the cylin- 
der the results of are reproduced. All previous results are discussed in 
Sections 2 and 3. In Section 4 we show that, after integration over the non 
Cartan components of the gauge fields, the theory can be described as a lat- 
tice gauge theory of a group Qn defined as the semi-direct product of Spf and 
U(l)^. By using known results on the statistics of coverings 0, |T6|, we de- 
rive in Sections 5 and 6 the expression for the partition function on surfaces 
without boundaries and the kernel function for surfaces with an arbitrary 
number of boundaries. In Section 7, with the conclusions, we outline the 
main features of the extension of the present theory to the case of interacting 
strings (branched coverings) and to strings with a non-abelian gauge group 
on the world-sheet. 



2 Unitary gauge and Matrix string theory 

Consider a two-dimensional gauge theory defined on a Riemann surface Ai, 
with or without boundaries, and with gauge group Q, for instance U(A^). 
Assume that the theory contains at least one field F transforming in the 
adjoint representation of ^; in the case of U(A^), F is a A^ x A^ hermitian 
matrix. A possible gauge choice consists in choosing F with values in the 
Cartan subalgebra of Q, that is, in the U(A^) case, in choosing F diagonal 
(unitary gauge). In fact it is always possible at each point x of A/1 to find a 

^This coupling can be interpreted as the result of the gauge fields being defined on the 
tangent space (like fermions) rather than being one-forms on the base manifold 
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gauge transformation g{x) that casts F into a diagonal form: 

g-\x)Fix)gix)=diagi\ix)) . (2) 

Such gauge fixing is not complete as it leaves a U(l)^ gauge invariance, 
and is affected by Gribov ambiguities because at each point x there are in 
general A^! different gauge-fixed forms of F, related to each other by arbitrary 
permutations of the eigenvalues: 

g-U,(a;)g = Aq(,)(x) . (3) 

As a consequence of the Gribov ambiguity it is not possible in general to 
put F in diagonal form globally, namely on the whole Ai without discon- 
tinuities. In fact if we map A4 into a polygon with pairs of edges suitably 
identified, and fix the unitary gauge on the polygon (this is always possible 
as the bundle is trivial on a disc), after gauge fixing the eigenvalues of F will 
in general appear in a different order on the edges that are to be identified. 

More precisely: consider a point x on Ad, and let ni(a;|A1) be the homo- 
topy group on with base point x. Let us order the eigenvalues of F in a; 
in an arbitrary way, for instance 

Ai(x) > A2(a;) > .... > Xn{x) . (4) 

This will be referred to in the rest of the paper as the standard order. Con- 
sider now a non trivial element of ni(x|A^), that is a homotopically non- 
trivial loop starting from x. As we go round the loop the eigenvalues of F 
are subjected to a permutation, or, for a generic gauge group, they are acted 
upon by an element of the Weyl group. This defines a homomorphism that 
associates to each element 7^, of the homotopy group ni(a;|7Vl) an element 
Pi^x) of the Weyl group. 

The permutation -P(7x) depends on the choice of the base point x accord- 
ing to the formula 

P{ly) = P{%i.)P{l.)P{ly^.) , (5) 

where 7^ is a closed loop starting in y and defined by = 'y~}^^'yx1y^x where 
jy^x is an arbitrarily chosen path from y to x. Pl'jy^x) is the permutation 
of the eigenvalues in x with respect to the standard order defined above 
obtained by starting with the eigenvalues in the standard order in y and 
moving to x along the chosen path jy^x- Eq- ® shows that changing the 
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base point of the homotopy group, namely deforming the original path 73. 
into 7j^, corresponds to a conjugacy transformation on P{'~fx)- 

According to this analysis the functional integral over the field configura- 
tions of F splits into several topological sectors, one for each homomorphism 
of Ili{x\M) into Sn- 

It is easy to see that in the case of U(A^), where the eigenvalues of F 
arc real and the Weyl group is the symmetric group ^jv, the homomorphic 
maps of ni(a;|7Vl) into Sn are in one-to-one correspondence with the A^- 
coverings of Ai without foldings or branch points. In this correspondence 
each eigenvalue of F is associated to one sheet of the A^-covering. Such 
coverings are not in general connected but consist of a certain number of 
connected parts. The decomposition of a covering into its connected parts 
coincides with the decomposition of the representations of ni(a;|A4) into its 
irreducible subspaces. A connected part that covers M. k times consists of a 
/c-dimensional subspace of the A^-dimensional space of the eigenvalues of F. 
This subspace is invariant under the action oiIli{x\A4) and does not contain 
any lower dimensional invariant subspace. 

Each connected part can be thought of as the world-sheet of a two- 
dimensional string that covers k times the target space and that can be 
described as follows. Let us denote by = 1, 2) a set of coordinates pa- 

rameterizing the world-sheet. Each point x of the target space has k images 
on the world-sheet labeled by ^a,i{x) with i = 1,2, . . . , k. So we can associate 
to each point of the world-sheet a single eigenvalue A(^) by requiring 

mi^)) = . (6) 

In the end we have a single eigenvalue and a U(l) gauge invariance associated 
to each connected part of the covering, namely to each irreducible part of 
the representation oi Ili{x\M) in terms of elements oi Sn- 

We may be tempted to conclude that, through the mechanism outlined 
above, a non abelian gauge theory in two dimensions can be described in 
terms of a string theory with an abelian gauge theory on its world-sheet. 
However this is true only if the abelianization is not spoiled by other terms 
in the action that induce a coupling between different sheets of the covering. 
Therefore we have to require that, at least in some limit for the coupling 
constants, the strings described above are free or weakly coupled. 

In this respect a problem arises directly from the gauge fixing procedure. 
Indeed, the Faddeev-Popov determinant for our gauge choice induces a strong 
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interaction between different sheets of the covering. In fact, the functional 
integration measure produces, as usual, a squared Vandermonde determinant 
of the eigenvalues of F: 

VF{x) =V\{x)\{/\{\f = V\{x)e^^\2 j d/i^log |Ai(x) - Aj(x)| 

X \ i>j 

(7) 

where d/i = d'^x^/g is the area element. This term is singular when two 
eigenvalues coincide and indeed it describes an interaction of different world- 
sheets {i.e. eigenvalues) at the same target space point x. Therefore we must 
require that the Vandermonde determinants arising from the gauge fixing are 
exactly canceled for the string picture outlined above to make sense. 

This is obtained in Matrix string theories (DVV) |^, by use of super- 
symmetry. In the limit of vanishing string coupling, the adjoint scalars Xm 
and fermions of the theory commute with each other and it is possible 
to choose a gauge in which they are all diagonal. However no Vandermonde 
determinant arises from the Faddeev- Popov procedure because contributions 
from Xm and cancel exactly. 

In 0, H we showed that the same cancellation of Vandermonde deter- 
minants occurs in pure two-dimensional Yang-Mills theory on a torus or a 
cylinder if the gauge where the field strength F is diagonal is chosen. The 
ensuing theory has matrix string states, just as the DVV model, and its par- 



tition function is closely related to the one of the DVV model itself |T^, |T3|. 
In this paper we show that the results of [0, §] can be extended to include 
Riemann surfaces of arbitrary genus and arbitrary number of borders, if one 
considers a particular generalized Yang- Mills theory (in the sense of [0, p!5| ) 
which has the property to coincide with ordinary YM2 on fiat surfaces. For 
the generalized theory it is shown that the cancellation of the Vandermonde 
determinants occurs also on arbitrary Riemann surfaces and that the theory 
is consistently described by a string theory with a U(l) gauge symmetry on 
its world-sheet0. 



2 



Also in the case of Matrix string theory there is a remaining U(l) gauge symmetry on 



the world-sheet whose role was emphasized in [17 
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3 Generalized Yang-Mills theory in the uni- 
tary gauge 

We begin by considering the partition function of a generalized YM2 on an 



arbitrary Riemann surface H, 14, 15|. We shall then proceed to fix the gauge 



in which F is diagonal by following essentially Ref. [|r^, where the partition 
function for ordinary YM2 was calculated in the same gauge. The partition 
function is given by 

Z{M) = [ VAVFexpi- [ di^V{F) + it! [ , (8) 

J { Jm Jm } 

where dn is the volume form on M. and f{A) is given by 

f{A) = dA-iAAA. (9) 

In Eqs. (^) and F is a x hermitian matrix and A is a one-form 
on M. with values in the space of hermitian matrices. V{F) denotes an 
arbitrary gauge invariant potential, namely a potential that depends only 
on the eigenvalues of F, with in principle an arbitrary dependence from the 
two-dimensional metric of the surface. In order to reproduce ordinary YM2 
it is enough to choose 

V{F) = ^tiF^ (10) 

and perform the quadratic functional integral in F. 

Our gauge choice consists in conjugating the N x N hermitian matrix F 
into a diagonal form, namely into its Cartan sub-algebra. As discussed in the 
previous section, this can always be done locally, according to Eq. (H). The 
gauge fixed action, including the appropriate Faddeev- Popov ghost term, can 
be written as the sum of two terms: 

SBRST{-M,t) = 'S'cartan + 'S'ofT-diag 5 (H) 



where S'cartan involves the diagonal part of A^ and exhibits the residual U(l) 
gauge invariance: 



N 



Cartan 



M 



V{\)dfx-Y,^>'idA^'^ 



N 

(12) 



1=1 
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where A^^'^ is the i-th. diagonal term of the matrix form A. The Faddeev- 
Popov ghost term and the off-diagonal part of A are contained in S'ofr-diag 
which can be cast into the following form: 



off— diag 



(13) 



where A^J is given by 

= Ei^A^ (14) 

and Ej^ denotes the inverse of the two-dimensional vierbein. The fields c-'* 
and are respectively the ghost and anti-ghost fields associated to the gauge 
condition F^^ = 0. 

The action (|T3|) contains the same number of fermionic and bosonic de- 
grees of freedom and it is invariant, for each value of the composite index 
[ij], with respect to a set of symmetry transformation with Grassmann-odd 
parameters which are reported in [0. One would expect, as a result of these 
"supersymmetries" , a complete cancellation of the bosonic and fermionic con- 
tributions in the partition function. However this supersymmetry is broken 
on a generic Riemann surface by the measure of the functional integral. The 
reason is that the supersymmetric partners of the ghost and anti-ghost fields 
are the zero- forms A^^ , which are the components of the one-form A in the 
base of the vierbein (0). So if the measure of the functional integral con- 
tains the one-form A'^^ , namely is 'DA^-l'Dd^'Dc!'^, there is a mismatch in the 
number of bosonic and fermionic degrees of freedom as on a curved surface 
the "number" of zero-forms and one-forms does not coincide. This results 



into an anomaly that was explicitly calculated in |ri| : 



/ Y[Vd^Vc'^VA'h-^°«-^'^^ = exp J — / d^xRY,^og |A, - A^l 1 
J i>j [StxJm J 



• (15) 



After integration over the non-Cartan fields, the theory becomes purely 
abelian with a U(l)^ gauge symmetry. Taking into account (15), it is de- 
scribed by the effective action 

N 



s, 



eff 



M 



i=l 



where ^(A) is given by 



1 



V(X) = V{\)--Rj:^og\K-X,\ . 

i>j 



(16) 



(17) 
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The anomaly term at the r.h.s. of (^) is divergent when two eigenvalues 



coincide and requires some regularization procedure. In [jTT|, the calculation 
of the functional integral for the U(l)^ theory was done and it turned out to 
be equivalent to replacing each eigenvalue Xi{x) with an arbitrary constant 
integer value: Aj(x) — > rii, where rii is the flux of the abelian field strength. 
In this way the anomaly term correctly reproduces the dependence of the 
standard partition function [Q, ^, |^ from the genus G of A^, namely the 
factor Y\iyj{ni — njY'"^^ . However while in other gauges and in the lat- 
tice formulation the integers n^, being labels of irreducible representations of 
U(A^), satisfy the condition rii > n2 > > ... > niv, in the unitary gauge 
nothing seems to forbid the existence of "non regular terms''^, namely of 
terms with at least two such integers coinciding. 

Non regular terms, which are divergent for G > 1, were eliminated by 
a rather ad hoc regularization procedure in |TT]], leaving the problem of a 
completely consistent derivation of the standard partition function of YM2 
in the unitary gauge still open. It should be noticed that all non trivial 
maps ni(x|A^) lead to sectors made entirely by non regular terms; 

in fact in a non trivial sector at least two eigenvalues must belong to the 
same connected world-sheet and, being constant, have to coincide. So any 
regularization scheme that sets to zero the non regular terms also disregards 
all sectors corresponding to non trivial maps ni(x|A^) ■ 

As already pointed out in 0, non regular terms are finite in the case of 
the torus {G = 1), and for any surface with zero curvature the anomaly term 
at the r.h.s. of Eq. (|T7|) vanishes. In this case no regularization is needed and 
there is no reason to neglect the non trivial maps in ni(a;|A^) Sn, which 
for G = 1 are labeled by pairs {Qi,Q2) of commuting permutations. The 
calculation was done by the authors of [0, initially with the hope that the 
sum over the non trivial maps would just amount to cancel the non regular 
terms. Surprisingly this happens only if the sum is restricted to the subset of 
sectors with say Q2 = 1, while the entire sum leads to a partition function ^ 
that has a wider spectrum than the standard one, and which is closely related 
to the partition function of the DVV string matrix model 



Higher genus surfaces and coupling to gravity In this paper we take a 
stronger point of view and argue that non-trivial sectors can be consistently 
kept also on space-times M. of genus G > 1. Our point of view can be 

■^We follow the terminology of Ref. 
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summarized as follows: 

1. Quantization in the unitary gauge beyond the G = 1 case would ask 
for a consistent regularization scheme (yet to be found) to cancel the 
logarithmic singularities in the anomaly term at the r.h.s. of Eq. (|1^. 
We propose instead to achieve the same result by modifying the po- 
tential ^(A) to include in it a term that cancels exactly the divergent 
anomaly term so that the effective potential V^(A) is regular and of the 
form 

N 

Vi\) = Y.vi\i) , (18) 

i=l 

with 

oo 

v{\) = J2t,X'^. (19) 

k=l 

In this way we define a generalized YM2 theory whose action reduces 
to the one of standard YM2 in the limit of zero curvature and with 

2 

a potential f (A) = ^^^A^. In other words: we consider a generalized 
YM2 theory which is the ordinary YM2 with a non standard coupling 
to gravity. 

2. It is possible, in our opinion, that the one presented above is the only 
consistent way to quantize YM2 in the unitary gauge. If that is the 
case the unitary gauge is not a mere gauge choice, but it defines an 
entirely new theory. Some possible reasons for it are discussed below. 

The redefinition of the potential exactly corresponds to the cancellation of 
the anomaly. So it is natural to ask: is it possible to define the theory 
from the beginning in such a way that the fermionic symmetry of (|13|) is 
not broken by the integration measure? The obvious answer is to use the 
zero-forms A'^J rather than as the independent degrees of freedom in the 
functional integration measure, which becomes VA]^Vd^T>(?'^ . This amounts 
to consider the gauge fields as defined in the tangent space, like spinors, 
when space-time is curved. In spite of the fact that Eq. ( p!4|) is locally 
invertible this results into a different counting of degrees of freedom. This 
is apparent in a lattice formulation. Consider a discretized manifold made 
of squares with sides all of the same length. The ghost and anti-ghost fields 
sit on the sites of the lattice and the gauge fields on the links. On a site j 
where the coordination number cj is 4 (zero curvature) the gauge degrees of 
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freedom match exactly the number of degrees of freedom of the ghost anti- 
ghost system, otherwise the mismatch is proportional to Cj — 4, namely to 
the curvature. This argument provides a lattice based derivation of Eq. (|15|). 
With the gauge fields defined on the tangent space, instead, the degrees of 
freedom at each site coincide with the one in flat space irrespective of the 
curvature and no anomaly arises. 

We do not know yet how to formulate on a lattice (for instance in the 
framework of Regge calculus) the coupling to gravity of gauge fields associ- 
ated to the tangent space. On the other hand, there are indications that 
ordinary lattice gauge theory might be inadequate in curved space-time. 
Consider for instance the standard Wilson action: the plaquette variable Upi 
carries no information about the metric and hence its continuum limit can 
only depend on quantities that can be written as differential forms, namely 

f/pi ~ 1 + F^^dx^dx" . (20) 

However the Lagrangian density F^j_yFpfjg^''g'^" ^ has a non trivial depen- 
dence on the metric and it can be written in the language of differential 
forms only by using the Hodge dual operator. Therefore the coupling of 
gauge theories to gravity on a lattice seems to require, instead of the tradi- 
tional Wilson action, a first order formalism^ (see for instance [0) where the 
plaquette variable is coupled with an auxiliary field which in generic space- 
time dimensions is an antisymmetric tensor Fah-, that is a two-form, in the 
tangent space indices. 

Effective action With the effective potential V{X) given by Eqs. (p!8D and 
([T9| ) the action (|16|) reduces to the sum of N decoupled U(l) theories, namely 

N 

Seff = T. (t;(A.)-iA.rfA«) . (21) 

i=l 

In the functional integral, however, one has to sum over all sectors corre- 
sponding to the homomorphisms Hi(x|A^) — > Sn, as discussed in the previ- 
ous section. So in a non trivial sector the U(l) theories in (pTf) are coupled 
by the boundary conditions: 

^ \{x) ^ Xp,{^){x) , (22) 

^The two-dimensional case is an exception from this point of view: in this case the 
action depends on the metric only through the area, and the Wilson action can be used 
provided the correct volume element is used 
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where 7 is an element of ni(x|A^) and the corresponding element of Sjsi 
in the homomorphism. As a result, rather than decoupled U(l) theories, 
we have a U(l) theory on each connected part of the world-sheet, whose area 
is an integer multiple k of the area A of the target space. To each connected 
world-sheet is associated a U(l) partition function, given by: 

+00 

Zu(i)(fc^) = E e-'^^''^") , (23) 

n=— 00 

where v{n) is given by Eq. (|T9|). Given a covering of M. with Sk (Z^fc ksk = N) 
connected parts of area kA, its contribution to the partition function is then 
given by 

^K}= n [ZuwikA)\' . (24) 

k=l 

The total partition function is then obtained by summing (^) over all cov- 
erings. 

If the surface M. has boundaries, the states on the A-th boundary 7^ 
are characterized by the conjugacy class of P(7^), namely by the lengths of 
the cycles of P(7a), and by the U(l) holonomies for each cycle of P(7a). 
If 6 is the sum of the U(l) holonomies of all cycles on a given connected 
world-sheet, the U(l) partition function (|23|) is replaced by the kernel: 

+00 

K^^i)ikA,9)= e-'=^"(")+'"^. (25) 

n=— 00 

The kernel associated to a surface with an arbitrary number of boundaries is 
obtained by summing over all coverings with the prescribed conjugacy classes 
of Sn on the boundaries, each covering being weighted with the product of 
the U(l) kernel functions (|25|) associated to its connected parts. 

In conclusion, after integration on the non-Cartan degrees of freedom, 
the resulting effective theory is a string theory (theory of coverings without 
branch points) with a U(l) gauge theory on the world-sheet. In the next 
section we shall show that this can be described as a lattice gauge theory, 
with a gauge group Qjy which is the semi-direct product of Sn and U(l)^. 



4 Lattice formulation of the effective theory 

Let us consider a surface A4 with the topology of a disc. Since the homotopy 
group of the disc is trivial, only the identical permutation can be associated 
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to the boundary of the disc and the only covering consists of disconnected 
copies of the disc. According to the previous discussion the kernel on a disc 
is then given by 

KiiP,^),A)=6{P)Y.exp^J2i^^^V^-Mn^))] , (26) 

rii U=l J 

where A is the area of the disc and ipi the invariant angles of the U(l) 
holonomies. The kernel is vanishing for any permutation P other than the 
identity. Consider now the group Qn defined as the subgroup of U(iV) given 
by the matrices of the form 

(P, y.) = diag (e'^S . . . , e^^-) P, (27) 

where (pk are real and P is a permutation matrix: 

Pij = 6iP(j) . (28) 

Note that with this definition we have {PQ)ij = 6iPoQ(j), while on a N- 
vector (f we have (Py?), = (y9p-i(j). The product in is the ordinary matrix 
product: in the notation of Eq. ( P7| ) the group product reads 

{P,V){Q,9) = {PQ,^ + P9) , (29) 

where it is clear that Qn can be viewed as a semi-direct product of S^- and 
U(l)^. The inverse of a group element is given by 

(P,^)-i = (p-\-P-V). (30) 

The kernel on a disc K{{P,(f),A) is invariant under gauge transformations 
of ^AT. In fact from 

(g, 9){P, ip)iQ, 9)-' = {QPQ-\ 9 + Qip- QPQ-^9) (31) 

it follows almost immediately that 

k({Q,9){P.v){Q.0)-\A)=K{{P,^),A) . (32) 

This property will enable us to formulate the theory described in the previous 
section as a gauge theory of on a lattice. In fact suppose to draw on the 
target space ^A a lattice and to associate to each link a an element (Pq, ipa) 
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of ^AT. The product of all the elements of along a plaquette defines the 
plaquette variable (Ppi, ippi) and the partition function is defined as 



4att 



nE r^t/^«n^((^pi'V'pi)>Ai) • (33) 
" •'^ pi 



As in the case of the heat-kernel action for a U(A^) gauge theory, the Boltz- 
mann weight for a single plaquette is left invariant in form if one sews two 
plaquettes together by integrating over their common link. In fact a straight- 
forward calculation gives: 

Q&Sn i 

= K{{Pu^i){P2,V2),Ai + A2) . (34) 

This property insures that the result obtained on a lattice is valid also in 
the continuum limit. On the other hand, it also allows to solve exactly the 
theory by reducing the surface to a single plaquette with suitably identified 
links. Again this is in complete analogy with the solution of YM2 obtained 
in [0]. Let us consider first the case of the torus, namely of a square with 
identified opposite sides. The partition function is given by: 



Zn{A) = ^j:^ Jl[^K{{P,^){Q,e){P,v)-\Q,e)-\A 

difidOi 



p,Qes_ 



P,Q&Sn 

E /n 

K (^(PQp-^Q-\ ^ + P6- PQP-^if - PQP-^Q-^e) , A 

dipidOi 



E 5{PQP-'Q-') fW 
P,QeSN i 



E exp E (i^^ + ^P^)i - W)i - ^0] - Av{n,)) . (35) 

{nj I i ) 

Therefore the partition function is expressed as a sum over pairs of commut- 
ing permutations, that is over unbranched A^-coverings of the torus. The 
integration over 9 and (p produces respectively a factor 5„. n^^i. and 5„. n^.i.- 
The result of the integration is to equate all the rij's belonging to a given 
connected component of the covering defined by {P,Q). A U(l) partition 
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Figure 1: The lattice theory on a surface of genus G with p boundaries can 
be reduced to a single plaquette with suitably identified edges. 



function given in (|23| ) is associated to every such connected component of 
area kA, which is a torus with area kA. This result is in complete agreement 
both with the prescription given at the end of the previous section and with 
the results of [0. 

These results can easily be generalized to a surface of arbitrary genus and 
an arbitrary number of boundaries. In Fig. a surface of genus G with p 
boundaries is represented as a single plaquette with suitably identified edges. 
The group elements of associated to each link are also indicated in the 
figure. The partition function is then given by: 



N G j_ J/) . P 



{s;4^„s^„....,s^„a,g)= E ffifi^^E^fidCA, 



Pa,Qa,RA" i=l a=l ^" A=l ^TT 



Sin)Y.\Y,{muj,-Av{n)}\ , (36) 

where the hats at the l.h.s. are to denote that Zq only depends on the 
conjugacy classes of {Sa, ''Pa)- ^ is the product of all permutations along the 
plaquette. Using the shorthand notation 

Va = RaSaR-/ , Wa = QaPaQ-'P-' (37) 
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it can be written as 

n = ViV2...VpWiW2 Wg . (38) 

The angles Ui are the corresponding U(l)^ invariant angles: 

^ = ^2(^lV2...VA-lRAi^A + V^V2...VA-lCA-V,V2...VACA) 

A=l 
G 

+ Y^iVl-Vp^l-^-lV- - Vi...VpWi...Wa-lQaPaQa'¥>a 

a=l 

+ V^...VpW^..Wa-iQaQa-V^...VpW^...W^_^WJ):) . (39) 

The integrations over C,A,i-, ^a,i and Oa,i produce a set of delta functions that 
identify some (or all) of the integers n^, namely: 

N p 



'^W = IlI[^(^i^^v^V2..VA-iVAVx\...vfWrHi)) 

i=lA=l ^ ' 
N G 

Y[Yl6 (^i,'^y,.„VpH/i...Vl/,_iQ„PaQ^iH/-_\...Vl/-Vp-^..y-^{i)) 



1=1 A=l 
N G 

X 

=1 a=l 

N G 

X nn^ 

i=l a=l 



" "'Vl...VpWl...Wa-lQaPaQa^Pa 'Qa^W-2^...W-Wp-\..V{'\i) 



(40) 



The set of 5-functions of Eq. (^) are in one-to-one correspondence with 
the generators of the homotopy group of Ai with base point X. So all the 
integers Ui with indices that can obtained from each other by acting with an 
element of the homotopy group are identified. 

By taking into account the definitions (^) and (|38|) and the result (^OD, 
the final expression for the partition function (^) is given by 

Zn [Siipi,S2i'2,----,Spi!p,A,G^ = '^(^)H'^H 

Pa,Qa,RA K} 



X 



exp\Y,imj2iyiy2.:VA-iRA^pAh-Av{n,))\ . (41) 



A=l 



In Eq. (^) the sum over Pa,Qa, Ra with the constraint given by S{fl) counts 
the number of coverings with the prescribed conditions at the boundaries, 
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while S{n) ensures that each connected world-sheet contributes with a factor 
which is exactly the U(l) kernel given in (^5|). It should be noticed that the 
r.h.s. of (PI) depends only on the conjugacy classes of {SA,'ipA), namely on 
the cycle decomposition of Sa and, for each cycle C of Sa, on the quanti- 
ties ipA = J2iec4'A,i- This is a consequence of gauge invariance under Qn 
transformations but it can be seen explicitly from (^l]) by noticing that Sa 
appears only in the expression RaSaRa^ (with a sum over Ra), and that all 
ipA,i with i E C are coupled to the same integer n due to the effect of 6{n). 
Finally it should be remarked that the kernel ( PD is completely consistent in 
the sense that it is reproduced by sewing two surfaces together according to 
the standard procedure, namely by identifying the conjugacy classes of the 
boundaries to be sewn and by integrating over the group. 



5 Partition function on arbitrary genus 

In order to write an explicit expression for the partition function (or kernel) 



given in (^l]) , we have to use techniques developed by several authors [|, |T( 
that allow to write the number of coverings on a given surface in terms of the 
characters of Sn- In this section we will restrict the discussion to the case 
of surfaces without boundaries, while in the next section the general case of 
surfaces with boundaries will be discussed. We can proceed in four steps: 

1. Write the partition function that describes the statistics of the coverings 
without branch points on a surface of genus G, that is 



(G, q) = Y. 4'"^ iG)l'' , (42) 

k=l 



where zj^"^\G) is the number of /c-coverings. This partition function 



was studied in [g, 16] and it will be given below. 



Write the partition function F^^"'^^ {G, q) that describes the statistics 
of connected coverings. This is obtained by taking the logarithm of 
Z(™^)(G,g): 



(G, q) = log (G, g) = £ Ft°^^ {G)q'' . (43) 

k=l 
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3. Associate to each connected covering the U(l) partition function (P^: 



oo 



k=l n=—oo n=—OD 

(44) 

4. The exponential^ of F{A, G, q) is then the generating function (i.e. 
grand-canonical partition function) for the partition functions given in 
(p]) with no boundaries (p = 0): 

oo +00 



N=l 



(45) 



All we need to know, in order to write Z{AG, q), is the explicit expression 
of Z^'^°^\G, q), that was given in |T6[ as a sum over irreducible represen- 
tations of Sn as N —y oo: 



-, 2C—2 

Z^'°^\G,q) = Y [N^'^^Hh)] g''^! , (46) 



where 

N 



J:h^-lNiN-l) (47) 
i=i ^ 



and 



The integers hi are subjected to the constraint h\> h2> >/iAr>0 and 

are related to the lengths mi, m2, of the rows of the corresponding 
Young tableau hj hi = N — i + rrii. The quantity \h\ = J2i'^i is the number 
of boxes in the Young tableau. 

The integer N in Eq. (^) is just the order of the matrices in the complex 



matrix model introduced in Ref. |T6|, and whose solution is given by Eq. (^Gj). 

^In 01 for the case G = 1 both signs in e*^''^''-' were considered, the minus sign 
corresponding to a fermionic model. In the general case G > 1 this choice seems to be 
inconsistent. In fact this corresponds to weighting with a factor (—1) each connected 
world-sheet, and we could not find any prescription for sewing surfaces together that 
preserve this property. 
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lhl=0 

■ ■ ■ O O O C5 O O X X X X X X 

lhl=l 

■■■oooooxoxxxxx 

lhl=2 

oooooxxoxxxx 
ooooxooxxxxx 

lhl=3 

■■■oooooxxxoxxx 
ooooxoxoxxxx 

oooxoooxxxxx I — 

Figure 2: Ground state and lowest-lying excited states in the fermionic de- 
scription of the representations of S^, together with the corresponding Young 
tableaux. 

No such quantity is present in the original problem of counting coverings, so 
there must be no dependence on at the end. The factor A^I'*K2G'-2) _ j\f'2g-2 
just counts the genus g of the world-sheet and it will be dropped in what 
follows. All the other quantities in (^) depend only on the Young tableau 
and not on the order of the symmetric group. However the limit — >■ 
oo has to be taken in order to take into account Young tableaux with an 
arbitrarily large number of rows. 

In order to make this more explicit and also to simplify the expression of 
( 1^ ) we introduce a notation where each Young tableau is associated to an 
excited state of a gas of fermions whose energy levels are the relative integers 
(see []T9| for an analogous notation in the case of U(A^)). The ground state 
{\h\ = 0) and the lowest excited states are shown in Fig. ^; they are in 
one-to-one correspondence with the Young tableaux. The correspondence is 

as follows: let the infinite sequence of relative integers hi > h2 > > 

represent the occupied levels and the complementary sequence ki < k2 < 

< the empty levels. By definition {hi}U{kj} = Z and {hi}n{kj} = 0. 

The position of the origin is irrelevant, so the sequences {hi} and {kj} are 
defined modulo an integer shift. The length rrii of the i-th row of the Young 



lhl=4 



■o O O O O X X X X O X X ■ 



□ 



■OOOOXOXXOXXX 



■ooooxxooxxxx- 



oooxooxoxxxx 



■ooxooooxxxxx 
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tableau is given by the number of empty levels below hi'. 



rrii = : kj < hi (49) 

and similarly the length Vj of the j-th column by the number of the occupied 
levels above kj: 

Tj = : kj < hi . (50) 
The total number of boxes is the number of pairs {kj, hi} for which hi > kj: 

\h\ = i^{kj,h,} : kj <hi . (51) 

This coincides with the number of "moves" required to reach the excited state 
under consideration from the ground state, a move being defined as a jump 
of a fermion one level up to occupy an empty level. The Young tableaux 
with given \h\ label the irreducible representations of S\h\, and the factor 
A(/i) given in Eq. (^8]) is related to the dimension d{h} of the corresponding 
representation by: 

m = . (52) 

A simple calculation shows that A{h) can be rewritten as Y\^fi.yj^.y{hi—kj) .The 
partition function of the coverings can then be written without any reference 
to as: 



^(^"^(Cg) 



E 

hi>h2>.... 



n 

{hi>kj} 



2G-2 



E 

{h} L 



d 



{h} 



-I 2-2G 



\h\\ 



(53) 

The coefficients of the expansion of Z^™^-* (G, q) can be easily calculated from 
(|53|), and the first few of them are reproduced in the Appendix. The grand- 
canonical partition function Z[A, G, q) can be obtained in principle by in- 
serting (|53|) into (|45D and the first few coefficient of the expansion are also 
given in the Appendix. Except for G = and G = 1 no compact expression 
for Z(=°^)(G,g) or Z{A,G,q) is available. 

For G = we have Z^'^°^\G = 0,q) = e'^ and the U(A^) partition function 
is simply given by 



N 



Zn{A,G = 0) 



E e 

\n=—oo 



-Av{n) 



(54) 
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This means that for the topology of the sphere our theory reduces to copies 
of the corresponding abehan theory. 

As aheady discussed in §, can be written for G = 1 as an 

infinite product, and Z{A, G = l,q) is given by: 

oo oo 1 

Z{A,G=l,q)= n n 1 _ .,-.^.(.) • (55) 
n=-oofc=i ^ y ^ 

6 Surfaces with boundaries 

Consider a surface Aicp of genus G and with p boundaries. As discussed 
in the previous section, the original U(A^) gauge theory is described by the 
iV-coverings of M.g,p with a residual U(l) gauge theory on each world-sheet. 
The states at the 74-th boundary are then characterized by : 

1. The conjugacy class of P(7a), where 7a is any closed path that can be 
deformed into the boundary (see Section 2). Each conjugacy class is 
given in terms of the length of the cycles of P(7a), namely of the set 
of integers {rj-^-*} with Ya=i l^l^'^ = 

2. The U(l) holonomy associated to each boundary of any world-sheet, 
that is to each cycle of P(7a). The holonomy is given by an invariant 
angle , where the label a = 1, 2, ri^^ enumerates the cycles of the 
same length. Since the cycles of same length are indistinguishable, we 
expect the wave function to be symmetric in the corresponding angles. 

Let us first consider the case where no U(l) gauge theory is present, 
namely the pure theory of coverings. The grand-canonical partition function 
that describes the statistics of the coverings on a surface with p boundaries 
and genus G is defined by 

p oo (A) 

= Y: Z^^°^\G,p,ri^^) n n ■ (56) 

{,{A)^ A=U=1 

Here Z^'^°'^\G,p,ri^^) is the number of coverings with r^^^ cycles of length 
/ on the A-th boundary. Its explicit form was given in |jl6|] and with the 
notations of Section 5 it reads 

z(-^)(G,p,r;^)) = E imr-'^^ n L ' (57) 



20 



where Xh{fi^'') are the characters of S\h\ if '"i'^^ + 2r2^^ H-Brg"^^ + = \h\ and 

zero otherwise. It is important to notice that sewing two surfaces together 
reproduces the same grand-canonical partition function through the orthog- 
onahty properties of the characters, in exactly the same way as it happens 
in the Rusakov partition function of YM2. 

The grand-canonical partition function for connected coverings is obtained 
as usual by 



{Ah 



p oo 



n n [ti 

A=l 1=1 



(A) 



(58) 



The number of connected coverings , p, rj-"^^) can in principle be cal- 

culated from ( |58D and (|5^), although no closed expression is available. 

Let us now introduce the U(l) gauge theory. We are interested in the 
kernels Z{G,p,rl'^\6i'^), namely in the partition function with prescribed 
boundary conditions. It is convenient to introduce the kernels in momentum 
space of the angular variables , namely 



Z (A, G,p, r 



rn<'e-p(i: 

•^^ A,l,a {A,l,a 



(59) 



In momentum space the boundary conditions are now completely specified 
by giving r^"^^ and n^"^ . However, since two cycles of the same length and 
momentum are indistinguishable, we can label the state at each boundary i 
by the number rlfi of cycles of length I and momentum n: 



111 



(60) 



l.a 



So we shall write Z (^A, G, p, r^^i^^ instead of Z (^A, G, p, rl'^\ n^"^^ . The cor- 
responding grand-canonical function can be written as 



z{A,G,p,tl^i) 



p oo +00 



E z{A,G,p,ri1)l[I[ n [41- 

A=ll=ln=-oo 



L n.L J 



(61) 
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As usual we also introduce the grand-canonical function that corresponds to 
the connected coverings: 

F (a, G, p, ti^!) = log Z {a, G, p, tij)) . (62) 

The structure of F (^A,G,p,t^^i^ is determined by the following considera- 
tions. A U(l) partition function, as in Eq. ([23|): 

+00 

Ku^i)ikA,e)= J2 e-^-^"(")+^"' (63) 

n=— 00 

is associated to each connected part of the world-sheet. Here k is the degree 
of the covering and 6 is the sum over all the invariant U(l) angles associated 
to the cycles of the world-sheet's boundaries. It is clear then that, due to the 
angular integrations in Eq. (|59|) , all cycles belonging to the same connected 
covering have the same momentum n irrespective of the boundary on which 
they are situated. Moreover, the total length \r\n of the cycles with a given 
momentum n is the same for all boundaries of Aicp'- 



E^^i? = kU- (64) 
I 



In conclusion, each term of F (^A, G,p, t'^^i^ is characterized by a unique mo- 
mentum n, is weighted by the factor e"!''"'-^^*^"'' coming from the U(l) kernel 
and is proportional to the number F*^'^"^) (G,p,rl^i^ of connected coverings 
with cycles of given lengths: 



-t-00 p 00 (A) 

F{A,G,p,i^i)= E i^^™^HG,p,rij))nnKT"^''^'"''^^"^- (^s) 

A=l 1=1 



The expression for the kernel Z (^A, G, p, t[^i^ can be obtained by exponen- 
tiating both sides of Eq. ( |65l) and it can be written as an infinite product: 



+00 



z{A,G,p,ti^!)= n ^(^°^)(G,P,e-'^^(")tij)) (66) 

n=— 00 

Each term in the infinite product in Eq. ( pBD is the grand-canonical partition 
function for the coverings defined in Eq. (p6D with t\^^ replaced by e~^'"''^H[f'i . 
This is the analogue of Eq. (45) for kernels with boundaries. 
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Starting from eq. one can obtain the result, already known fron 

the lattice formulation os Section 4, that by sewing together two surfaces we 
obtain a kernel described again by Eq. (^) for the resulting surface. This 
follows from the fact that same property holds for the partition function of 
the coverings Z^'^°''^ (^G, p, t^"^^^ . In fact when sewing two boundaries together 
the U(l) invariant angles on the two sides have to be identified in pairs (for 
cycles of the same length!) and integrated over. This gives a delta function of 
the corresponding momenta, so that for each subspace of given momentum n 
the sewing and cutting is unaffected by the other subspaces and its statistics 
coincides with the one of the pure covering theory. 

7 Conclusions and further developments 

The quantization of YM2 in the unitary gauge on an arbitrary Riemann 
surface has led us to consider a different model, a generalized YM2 theory 
whose effective theory, after integration over the non-Cartan component of 
the gauge fields, is described by a string with a U(l) gauge group on the 
world-sheet. This theory coincides with a gauge theory on a lattice with 
gauge group Qn, the semi-direct product of the symmetric group Sn and 
U(l)^. It may be surprising that the partition function on an arbitrary genus 
surface of our original U(A^) gauge theory can be calculated exactly within the 
gauge theory of a group Qn which is a subgroup of the original gauge group. 
However there are correlators of the original U(A^) gauge theory that cannot 
be calculated in the framework of the effective theory. Consider for instance 
correlators of Wilson loops, which depend on the non-Cartan components 
of the U(A^) gauge fields. If the Wilson loops are non intersecting, such 
components are irrelevant as the quadratic term in the off-diagonal action 
( [I3| ) depends at each space-time point on both space-time components of 
A^J . For intersecting Wilson loops instead this term produces an interaction 
between different sheets of the covering whose effect cannot be described in 
terms of the pure theory. The situation is somewhat similar to the one in 
multi-matrix models, where the angular degrees of freedom can be integrated 
out in the calculation of the partition function and of certain correlators but 
are involved in a non trivial way in the most general correlators. 

Besides its relation with YM2, the Qn gauge theory is interesting by itself, 
and it can generalized in two different directions that we shall briefly mention 
here, while leaving the details for a future publication . 
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The first type of extension is tlie one already considered in []TB[ for the 



theory of coverings. It consists in allowing coverings with branch points, 
namely in allowing the strings to split and join. In the framework of Matrix 
string theory this was discussed in |1^ . A branch point can be described 
as a boundary where all the U(l) invariant angles are set to zero. In this case, 
if the permutation associated to the boundary is trivial this just becomes an 
ordinary point, otherwise it becomes a point where a more or less complicated 
interaction amongst the sheets of the covering occurs. The simplest case 
consists in a single string sphtting into two strings or vice-versa, and it is 
described by a permutation with only one non trivial cycle of order 2. /^From 
this point of view the results of Section 6 are all we need to introduce branch 



points in our theory. However we want to consider, as in |TB[ , the limit where 
a continuum distribution of branch points is introduced. For the theory 
of pure coverings, that is for the gauge theory of Sn, this corresponds to 
replacing the plaquette action, which for the unbranched theory of coverings 
is just a delta function, with a sum over irreducible representations of Sjy: 

6iP) = dnXRiP) ^ E te(i^)e-^« • (67) 

R R 

Here P is the permutation associated to the plaquette and Cr is any quantity 
that depends only on the representation R and that contains all the infor- 



mation about the couplings of the different types of branch points (see |T6 
for details). 

In our Qn gauge theory the introduction of a continuum of branch points 



will amount to replacing the plaquette action (^q) with a generic expansion 
in the characters of the irreducible representations of ^tv- The weight of each 
representation should contain the area A of the plaquette at the exponent, 
to insure good gluing properties as in (Q), and will depend both on the 
potential v{n) that appears in the original action and on the couplings of the 
different types of branch points encoded in Cr. These couplings are new free 
parameters of the theory which are not present in the original Lagrangian. As 
they describe interactions amongst different sheets, they would presumably 
correspond to singular terms in the U(l)^ gauge theory obtained after fixing 
the unitary gauge, possibly of the same type as the ones that have been 
eliminated by the redefinition of the potential. A different type of extension 
is obtained by considering a more general gauge group Glm^ defined as the 
semi-direct product of Sl and U(M)^. The product law in Ql,m is explicitly 
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given by 

{P,gi){Q,hi) = {PQ,g,hp^.(,)) , (68) 

where P and Q are elements of 5"^, Qi and hi {i = 1, 2, L) are elements of 
U(M) and the products at the r.h.s. of ( |5SD are accordingly group products 
in Sl and U(M). The gauge theory based on this group describes a theory 
of coverings (with possibility of introducing branch points as above) with a 
U(M) on each world-sheet. This theory would include both the standard 
YM2 and the Qn theory described in this paper as particular cases. Its pla- 
quette action (without branch points) can be easily constructed by following 
the same line of reasoning used to obtain Eq. (|26|) , and it reads 

((P, (?,,), ^) = 5(P)n 5: rf^(,Xi?«(^?i)e--^^«« , (69) 

4 = 1 R(i) 

where R^^^ are the representations of the i-th. group U(M) and are labeled 
by a set of M integers {n'-*-'}. The whole theory can now be constructed 
by sewing plaquettes together and it is essentially obtained by replacing in 
the formulas of Section 4 the integer momentum n with the representations 
of U(M) and the plane wave function e^"^ with the characters By 
allowing branch points in the string theories based on Ql,m we can construct a 
large class of string theories, that range from the pure U(M) theory (standard 
YM2 theory) at one end to the pure theory of coverings at the other end. 
The well known result of Gross and Taylor 0, namely that in the large 
YM2 is equivalent to a theory of coverings with a set of allowed interactions, 
suggests that the same kind of dual description may be possible also for the 
more general theories we have discussed. 
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Appendix 

In this Appendix we display explicitly the coefficients of the grand-canonical 
partition functions for the coverings and the generalized Yang-Mills theory 
up to order q^. 

Let us consider first Z^'^"^\G,q) defined in Eq. (0). Each coefficient 
Z^°^\G) is the number of inequivalent unbranched fc-coverings of a genus 
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G surface without boundaries. Two coverings are said to be inequivalent if 
they cannot be obtained from each other by simple relabehng of the sheets; 
therefore the total number of fc-coverings is 



Naming x = 2 
^) we obtain: 



2G the Euler characteristic of the surface Ai, from Eq. 



7 (cov) 
^0 

7 (cov) 



{G) 

zr'\G) 

(G) 
(G) 
(G) 
(G) 



^^cov) 
^•^cov) 
^|cov) 
,7(cov) 



2-^ 

24-^ + 12'^ + 2 
120-^ + 2 ■ 30'^ 



2 ■ 2A~^ + 20" 



(70) 



The number of inequivalent connected coverings are given by the coefficients 
in the power expansion in q of logZ'^'^°^)(G', g). Here we give the list up to 
k = 5: 



f}'°''\g) 


= 1 








Ft''\G) 


= 2 


2-^ - 1/2 , 






Ft"\G) 


= 2 


g-x + 3-x _ 2 . + 


1/3, 




Ft''\G) 


= 2 


24-^ + 12'^ + 2-8"^ 








- 2 


g-x _ 3"X + 2 ■ 2-^ - 


2-4"^ 


-1/4, 


Ft'\G) 


= 2 


120"^ + 2 ■ 30"^^ + 20 




12-^^ 




- 2 




2-2-'^ 


+ 1/5 . 



(71) 



By inserting Eqs. (|70D and ([711) into Eqs. (^41) and (^51) we can write the 
first few terms in the expansion of Z{G, A, q), namely the partition functions 
Zn{A, G) for N up to 5: 



Zo{A,G) 
ZiiA,G) 

Z2{A,G) 
Z,{AG) 



1 , 

z{A) , 

2-2-^-^) z{2A) + lz'{A) 



2- Q-^ + 3'^ -2-2 



-X 
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Z^{A,G) = (2-24-^ + 12-^ + 2-8"^ -2-6-^ 

- 3-^ + 2 • 2->^ - 2 • 4-^ - z{AA) 

+ l(4-4-^-2-2->^ + i)^^(2^) 

+ (2 • 6-^ + 3-^ - 2 • 2-^ + ^) ziA)z{3A) 

Z5(A,G) = (2 • 120-^ + 2 • 30-^ + 20-^ - 5 • 12-^ 

- 2 • 8"^ + 4 • 4-^ + 3-^ - 2 • 2"^ + ^(5>1) 



+ (2 • 24-^ + 12-^ + 2 • 8-^ - 2 • 6" 

- 3-^ + 2 • 2->^ - 2 • 4-^ - ^) z{4A)z{A) 

+ (^4 • 12-^ + 6-^ - 4 • 4->^ - ^ • 3-^ 

+ ^ • 2->^ - ^) ^(2^M3^) 

+ ^ (2-6-^ + 3->^-2-2-^+^)^2^^)^^3^) 

+ ^(A.A-^-2.2-^ + ^y{A)z'{2A) 

+ ^-(2.2-^-ly\A)z{2A) + :^z'{A), (72) 

where z{A) is a shorthand for Zu(i)(^), namely for the (generahzed) U(l) 
partition function on a surface of area A: 

^(^) =^e-''(")-^ . (73) 

n 
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